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A B S T R A C T   

Predictive combustion models assess engine performance for given setpoints by determining the rate of heat 
release that is governed by the fuel mass burned. Often, simple mathematical functions such as the Wiebe 
function are used in simulations to provide mass fraction burned values at each integrated step. Despite its 
popularity, a limitation of the Wiebe function is that it generally does not take operating conditions into account. 
Therefore, there is a need for an adaptive Wiebe function that can be scaled for a given fuel and run-time 
conditions. Here, this is accomplished for methane-air combustion in a spark-ignition (SI) engine. A linear 
regression analysis was used to fit the adaptive Wiebe model to experimental data with an average R2 value of 
0.965. The scaling process was expanded to include oxy-methane combustion for specialized SI applications, e.g., 
for stationary or mobile power generation in environments such as Mars. This was accomplished through an 
analysis of the laminar and turbulent flame speeds that dominate the combustion process and the charge burnup 
time. The results show that a relative increase in the turbulent flame speeds during oxy-methane combustion 
shrinks the combustion duration between 10% and 90% mass fraction burned by approximately 87% relative to 
air. Comparing these results with literature reveals that the scaled Wiebe function follows theory closely and is a 
reasonable tool for burnt mass and combustion duration predictions.   

1. Introduction 

Combustion modeling plays an important role in the assessment of 
internal combustion engine (ICE) performance via prediction of the in- 
cylinder pressure as a function of the crank angle (or time). In this re-
gard, literature shows that combustion models for Spark Ignition (SI) 
engines often employ continuous mathematical functions to provide a 
respectively fast and cost-effective means to predict the burnt fuel mass 
fraction. One of the most popular tools is the Wiebe function that was 
proposed by Ivan Wiebe in the 1950′s [1]. Originally proposed for use in 
SI ICEs, modified forms of the function exist, ranging from single-Wiebe 
to multiple-Wiebe functions for both SI and compression-ignition engine 
models. 

The classical form of the Wiebe function is given in Eq. (1). While 
originally the Wiebe function predicted the mass fraction burned (Yb) as 

a function of crank angle (θ), it may be converted to the time domain 
upon the inclusion of reaction kinetics [2–4]. Alternatively, the first 
derivative of the Wiebe function can be used by coupling the resulting 
expression (Eq. (2)) with the combustion model’s system of ordinary 
differential equations to predict the rate of fuel burned per crank angle 
(or time), i.e., burn rate [5,6]: 

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

(1)  

dYb

dθ
= aw⋅

(mw + 1)
Δθd

⋅
(

θ − θign

Δθd

)mw

⋅exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

(2)  

where the parameters aw, mw, θign, and Δθd depend on fuel properties and 
operational conditions [5]. The frequently used values of aw and mw for 
petroleum gasoline are 5 and 2, respectively [5,7–14]. 
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A review of the literature finds that default values for aw and mw are 
often adopted directly in combustion models irrespective of the type of 
fuel, operating conditions (such as intake pressure, equivalence ratio, 
spark timing, etc.), and the type of oxidizer. Ideally, Wiebe parameters 
must change with fuel characteristics (due to differing combustion re-
sults) and run-time conditions (due to their influence on the burn rates). 
While the default Wiebe parameter values may provide a decent starting 
point for a combustion model, they should be updated for specific sce-
narios to maintain reliability. 

To illustrate how the Wiebe parameters were updated for specific 
situations, methane (alternatively, natural gas) fueled SI engines are 
considered in this effort. Methane as a fuel has gained traction over the 
last few decades due to its reduced carbon dioxide emissions [15]. 
Furthermore, the use of methane in dual-fuel engine operation has 
become more prevalent since it is relatively easy to inject gaseous fuel 
into the engine via the intake port [16]. Therefore, a significant amount 
of data exists in the literature for experimental methane combustion in 
SI engines. On the modeling front, this has encouraged researchers to fit 
the classical Wiebe function to experimental data. 

While methane-fueled SI engines often operate with air as the 
oxidizer, their applications can also include alternative oxidative envi-
ronments. For example, the recent success of several back-to-back Mars 
missions has led to a surge in the research of in-situ production of liquid 

methane and liquid oxygen from atmospheric carbon dioxide and soil 
moisture, respectively, on Mars for rocket propulsion [17,18]. A suc-
cessful deployment of this framework could promote the use of 
methane-fueled SI engines on Mars for stationary and mobile applica-
tions [19,20]. It is important to note that other power generation options 
for Mars are possible. For instance, nuclear is a potential choice [21,22]. 
However, since most nuclear power options for other worlds are based 
on heat produced through radioisotope decay [23,24], the energy den-
sity is respectively low for ground and air operations. Fuel cells can 
provide this needed power [25,26]. Unfortunately, as discussed by 
Vilekar et al. [27], a proton exchange membrane fuel cell operating on 
methane would require a complicated reforming and carbon monoxide 
removal system; whereas, methane-fueled solid oxide fuel cells or solid 
oxide electrolysis cells have issues with carbon deposits and/or poor 
activity while also requiring operation at relatively high temperatures 
(700–800 ◦C). An effort by Depcik et al. [28] that compared lithium-ion 
batteries, fuel cells, and combustion engines for a hydrogen-powered 
unmanned aerial vehicle sheds further insight. Overall, it was found 
that an internal combustion engine has the greatest potential for 
mobility with fuel cells having a lower power density. Thus, these 
findings fall in line with others who indicate the potential use of com-
bustion engines for power on Mars [29–31]. Due to scarcity of atmo-
spheric oxygen on Mars, pressurized oxygen would be required to assist 

Nomenclature 

Wiebe-specific 
aw Extent of complete combustion (-) 
Δθd Combustion duration (◦) 
Δθd,new New combustion duration for oxy-methane combustion (◦) 
Δθ0-90% Combustion duration between 0 and 90% mass fraction 

burned (◦) 
Δtd Combustion duration (s) 
dYb/dθ Rate of mass fraction burned (1/◦) 
mw Burn rate (-) 
θ Instantaneous step (◦) 
t Instantaneous step (s) 
θign Ignition crank angle (◦) 
tign Ignition timing (s) 
tspk Spark timing (s) 
Yb Mass fraction burned (-) 

Other Variables and Symbols: 
A – Q Wiebe parameter estimation coefficients (-) 
Ae Entrained surface area (m2) 
α Temperature exponent (-) 
β Pressure exponent (-) 
λ Taylor microscale (m) 
mb Mass burned (kg) 
me Mass entrained (kg) 
ϕ Equivalence ratio (-) 
pin Intake manifold pressure (Pa) 
pref Reference pressure (Pa) 
pu Unburned pressure of mixture not yet entrained by flame 

front (Pa) 
rc Compression ratio (-) 
ρu Unburned charge density of mixture not yet entrained by 

flame front (kg/m3) 
S0 Laminar flame speed at atmospheric conditions (m/s or 

cm/s) 
SL Laminar flame speed (m/s or cm/s) 
ST Turbulent flame speed (m/s or cm/s) 
τ Time for combustion (s) 

τb Burnup time (s) 
θspk Spark timing (◦) 
Tref Reference temperature (K) 
Tu Unburned temperature of mixture not yet entrained by 

flame front (K) 
Up Mean piston speed (m/s) 
u’ Turbulent intensity (m/s) 
Uref Reference piston speed (m/s) 
X Scaling factor (-) 
Z Estimation factor (-) 

Abbreviations 
CI Compression Ignition 
CNG Compressed Natural Gas 
EGR Exhaust Gas Recirculation 
HCCI Homogeneous Charge Compression Ignition 
ICE Internal Combustion Engine 
LTC Low-Temperature Combustion 
MFB Mass Fraction Burned 
NG Natural Gas 
PFI Port-Fuel Injection (Injected) 
ROHR Rate of Heat Release (J/◦) 
RON Research Octane Number 
SI Spark Ignition 
TDC Top Dead Center 

Chemical Formulas 
C2H6 Ethane 
CH4 Methane 
H2 Hydrogen 

Subscripts 
b Burned 
d Duration 
ign Ignition 
in Intake 
spk Spark timing 
w Wiebe  
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fuel combustion for stable engine operation. Therefore, it is important to 
update the Wiebe model for oxygen-assisted combustion. In this regard, 
this paper presents a framework to scale the Wiebe function for sce-
narios ranging from air-abundant to air-less operation while also 
factoring in the effect of engine runtime conditions on combustion 
characteristics. 

Initially, a literature review sheds light on Wiebe function variants 
for methane combustion in air. Then, an adaptive Wiebe function is 
presented to include the influence of operational conditions on Wiebe 
parameters. This model adapts its coefficients by fitting the model to 
methane-air mass fraction burned (MFB) data available from the liter-
ature. Since no such data exists for oxy-methane combustion, a scaling 
approach is introduced that is based on laminar and turbulent flame 
speeds in pure oxygen-based combustion environments. The results 
show that the method devised to update the Wiebe parameters based on 
dominant factors is deployable under varying operating conditions. 

1.1. Review of methane-based versions 

Before investigating Wiebe functions for methane combustion, it is 
important to take note of some of its properties that make it advanta-
geous as an SI engine fuel. Methane is the simplest alkane-based hy-
drocarbon fuel with a high-octane number (RON > 120) that allows for 
significantly high compression ratios resulting in enhanced efficiencies 
as compared to turbocharged gasoline engines. In addition, methane’s 
flexibility as a fuel for lean-burn applications and its lowered emissions 
during cold-start as well as low-temperature combustion (LTC) are also 
advantageous [32]. Therefore, methane has become a popular gaseous 
fuel for SI engine application that is delivered via either port-fuel in-
jection (PFI) or direct-injection [33]. To maintain cost-effective pro-
duction, methane is often supplied as the primary constituent (≈ 75 – 98 

vol%) in a homogeneous mixture of gases [34]. Based on the feedstock 
used for methane production, this mixture of gases may be indicated as 
natural gas, compressed natural gas, or biogas. Often, the composition of 
these mixtures varies based on its place and time of origin as well as the 
treatment processes used during its production. 

Methane does have some disadvantages as a transportation fuel. 
Firstly, methane is packaged in pressurized tanks that are heavy and 
pose as range limiters (for transport applications). Furthermore, 
methane gas injection via the intake port displaces the oxidizer that 
supports combustion and, therefore, results in reduced volumetric effi-
ciency of the engine. Consequently, methane combustion generally has a 
relatively lower heat release as compared to gasoline-air mixtures at 
similar equivalence ratios [32]. These reductions are often overcome by 
improving the combustion chamber design for increased turbulence, or 
by varying the initial conditions, such as the injection pressure, injection 
timing, injection duration, and spark timing [15,32]. Since validating 
these strategies would otherwise require extensive experimentation, 
combustion models are often used to examine engine performance over 
a range of initial setpoints. A review of available Wiebe functions for 
methane-based operations and their parameters presented in Table 1 
reflect the impact of employing these strategies by lumping combustion 
effects into values of aw, mw, and Δθd. 

Of note, due to their relatively significant methane content, Table 1 
also lists Wiebe parameters for natural-gas, biogas, or compressed nat-
ural gas driven engines to understand the potential range of Wiebe pa-
rameters. It is evident from Table 1 that fuel composition and 
combustion strategies can affect the choice of Wiebe parameters. While 
some researchers prefer to use standard values for these variables, others 
work with differing degrees of freedom by setting some parameters 
constant while changing others to fit data. Overall, these values should 
not be readily imported into a combustion model without considering 

Table 1 
Existing Wiebe models and their corresponding aw, mw, and Δθd values in literature with fuel compositions (major species only for brevity) listed.  

aw mw Δθd or time (degree or ms) Wiebe Model Used Fuel with % composition Reference 

2.8 2.4 Depends primarily on ϕ 
Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 80% 
H2: 20% 

[35,36] 

4.9 2.0 ≈ 51◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CNG (CH4 ≥ 90%) [37] 

5 2 (1 ms) 
Yb = 1 − exp

[

− aw⋅
(

t − tign

Δtd

)mw+1
]

CH4: 90% [2] 

5 2 (2.25 ms) 
Yb = 1 − exp

[

− aw⋅
(

t − tspk

Δtd

)mw+1
]

NG (CH4: 86%, C2H6: 12%) [3] 

5 2 (1 ms) 
Yb = 1 − exp

[

− aw⋅
(

t − tign

Δtd

)mw+1
]

CH4: 100% [4] 

5 2 37◦ − 41◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 92.285% 
C2H6: 5.455% 

[38] 

5 2 30◦

Yb = 1 − exp

[

− aw⋅
(

θ − θspk

Δθd

)mw+1
]

CH4: 100% [39] 

5 2.2 N/A 
Yb = 1 − exp

[

− aw⋅
(

Δθ
Δθd

)mw+1
]

CH4: 100% [40] 

7.04 – 10.18 3.5 – 4.4 58◦ − 98.4◦

Yb = 1 − exp

[

− aw⋅
(

Δθ
Δθd

)mw+1
]

NG (CH4: 98.5%) [41] 

7.78 – 10.36 0.96 – 1.13 58◦ − 67◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 100% [42] 

5 2 N/A dYb

dθ
=

θ
Δθd

⋅(mw + 1)⋅ymw ⋅exp
[
− aw⋅y(mw − 1) ] CH4: 100% [6] 

5 1.42 ≈ 40◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 100% [43] 

5.64 2.73 50◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 99.5% [44] 

4 2 N/A 
Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4 ≥ 99% [45] 

N/A 3 N/A 
Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

CH4: 100% [46] 

2.815 0 25.4◦

Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθd

)mw+1
]

NG (CH4: 96.023%, C2H6: 2.036%) [47] 

2.303 N/A N/A 
Yb = 1 − exp

[

− aw⋅
(

θ − θign

Δθ0− 90%

)mw+1
]

NG (CH4: 94.99%, C2H6: 2.50%) [48]  
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the effect of specific operating conditions and engine geometry (e.g., 
compression ratio). In this regard, the adaptive Wiebe model proposed 
by Alam and Depcik [49] that bases Wiebe parameters (aw, mw, and Δθd) 
for a hydrogen-fueled PFI SI engine on geometric and operational values 
provides a means to estimate pertinent parameters. This model is 
updated in this effort through its application to methane and then 
extended to account for oxy-methane combustion. Of importance 
regarding available methane data used for calibration (indicated in 
Section 1.3), only data for four-stroke ICEs and higher CH4 concentra-
tions (>90%) were used for consistency. 

1.2. Adaptive Wiebe model 

The adaptive Wiebe model computes the parameters of the classical 
Wiebe function while considering their interdependency on pertinent 
engine geometric parameters and run-time conditions as shown in Eqs. 
(3)-(6). Of note, these equations were updated from the former effort by 
normalizing some of the parameters with a reference pressure (pref = 1 
bar) and reference mean piston speed (Uref = 1 m/s) to keep the Wiebe 
parameters dimensionless. Moreover, exhaust gas recirculation (EGR) 
terms in the prior effort (introduced in Section 1.1) were omitted since 
no MFB data including the influence of EGR was found for a methane- 
operated engine. Overall, the coefficients A through Q (excluding K) 
are computed by fitting the Wiebe model to data extrapolated from peer- 
reviewed literature (shown in Section 1.3). 

aw = A+B⋅rc +C⋅
pin

pref
− D⋅

Up

Uref
+E⋅ϕ (3)  

mw = F − G⋅rc − H⋅
pin

pref
+ I⋅

Up

Uref
− J⋅ϕ (4)  

Δθd = K − L⋅rc − M⋅
pin

pref
+N⋅

Up

Uref
− O⋅ϕ (5)  

K = P+Q
⃒
⃒θspk

⃒
⃒ (6)  

where rc is the engine compression ratio, pin is the intake manifold 
pressure, Up is the mean piston speed, ϕ is the equivalence ratio, and θspk 
is the spark timing. 

For brevity, a quick description is provided here and summarized in 
Table 2 to aid the reader’s understanding of these interdependencies as 
described in Heywood [5]. Since a higher engine compression ratio (rc) 
results in a hotter fuel–air unburned mixture (Tu) prior to spark initia-
tion, this causes a faster combustion event with a greater heat release 
rate. Furthermore, an increasing engine load requires opening the 
throttle plate of a PFI engine to raise the inlet pressure (pin), which re-
sults in a denser fuel–air mixture (ρu) with a greater amount of potential 
energy. Upon ignition, this promotes a faster combustion event and 
effectively reduces the time required for combustion. In addition, in- 
cylinder turbulence increases with faster engine speeds that reduces 
the time for combustion. However, for high-RPM engines, the amount of 
time is respectively smaller than the residence time of the different re-
actions that comprise the combustion event. While this phenomenon 
does not affect the maximum burn rate, combustion duration gets 

relatively prolonged on a crank angle basis. Here, the time factor is 
believed to outweigh the turbulence influence as highlighted by others 
[10,50,51]. From the standpoint of chemistry, the equivalence ratio (ϕ) 
affects the amount of heat released during combustion. The combustion 
reaction becomes more exothermic with growing equivalence ratios that 
results in a greater heat release; thus, promoting faster combustion. 
Finally, moving spark timing (θspk) closer to top dead center (TDC) re-
sults in a hotter burn (since the fuel–air charge is hotter) and leaves 
relatively warmer end gases that increase the initial temperatures of the 
subsequent cycle; thus, progressively shortening combustion duration. 

The current adaptive Wiebe model deviates slightly from the original 
version proposed by Alam and Depcik [49]. Formerly, the mean piston 
speed was found to have no impact on the burn rate or mw. Since 
hydrogen was used as the prior fuel, the rapid combustion characteris-
tics of hydrogen and its relatively fast flame speed masked the depen-
dence of mw on the mean piston speed; thus, making it less noticeable. 
The available methane data suggests that both aw and mw might be 
impacted by the mean piston speed. The respectively sluggish combus-
tion characteristics of methane as compared to hydrogen results in a 
somewhat slower burn rate and, thus, the dependence of mw on the mean 
piston speed becomes more apparent. A respectively slower burn rate 
results in a growth of incomplete combustion. Olalekan et al. [52] 
showed that increasing engine speed results in a relatively faster decline 
in the burn rate compared to the extent of complete combustion. 
Therefore, mw is observed to increase with growing mean piston speed 
(Up) while aw decreases simultaneously. 

1.3. Model calibration for methane-air combustion and results 

Calibration of the adaptive Wiebe model employed experimentally 
observed MFB data gathered from the literature. Due to methane’s 
popularity as a fuel, there are available data (in the form of figures and 
illustrations) that the current effort relies upon [37,41,42,44,53–56]. 
Data capture software, such as WebPlotDigitizer, was used to estimate 
data from the figures for use in model calibration [57]. Ensuring that all 
data collected from the literature was applicable to the model was 
critical for accurate model calibration. For example, the efforts of Babu 
et al. [53] focused on a prolonged combustion process that required 
multiple Wiebe functions to predict the MFB; therefore, this data would 
not be appropriate to use for calibrating a single Wiebe function model 
such as the current study. Fig. 1 shows the data used for calibration. 

After retaining the pertinent data, the adaptive Wiebe model is fit to 

Table 2 
Interdependent relationships between the Wiebe parameters and engine geom-
etry as well as operating conditions. Key: ↑ (increases), ↓ (decreases), → (move 
towards).  

Parameter Direction Physical Effect aw mw Δθd 

rc ↑ Tu↑, Heat Release Rate ↑ ↑ ↓ ↓ 
pin ↑ ρu↑, Heat Release Rate ↑ ↑ ↓ ↓ 
Up ↑ τ↑ and Δθd ↑ ↓ ↑ ↑ 
ϕ ↑ Heat Release Rate ↑ ↑ ↓ ↓ 
θspk → TDC Tu ↑    ↓  
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Asgari 2012
Babu 2017a Exp
Babu 2017a Mod
Hagos 2014a
Hagos 2014b
Hagos 2014c
Liu 2019a
Liu 2020
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Przybyla 2016c
Gutierrez 2012a
Gutierrez 2012b
Gutierrez 2012c
Yildiz 2017a
Yildiz 2017b
Yildiz 2017c

M
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Fig. 1. Experimental MFB data (modified using piecewise cubic Hermite inter-
polating polynomial (pchip)) as a function of crank angle [37,41,42,44,53–56]. 
Key: Exp (experimental), Mod (model); a, b, and c signify different sets of data 
from the same paper. 
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these MFB profiles by adjusting the coefficients A through Q of Eqs. (3)– 
(6). Here, a linear regression approach coupled with MATLAB’s fmincon 
routine finds the correct coefficients by minimizing the residuals for 
each dataset over 100,000 simulations. Specifically, the optimization 
procedure begins by employing a random number generator to set the 
initial values for every Wiebe parameter. This random number generator 
eliminates any bias that would otherwise occur. In addition, these initial 
values are bound by the minimum and maximum values for each Wiebe 
parameter taken from the sifted data (1 < aw < 7, 0.1 < mw < 3, 5◦ < Δθd 
< 120◦) that further ensures meaningful results. After 100,000 simula-
tions, the resulting coefficients listed in Table 3 converged the residual 
to the set criteria (1E-5) and increasing the number of simulations did 
not yield any noticeable changes in the coefficient values. The co-
efficients produce a mean R2 value of 0.965 for the data shown in Fig. 1 
versus model predictions using Eqs. (3)–(6). 

It is worth noting that a greater amount of MFB data for model 
optimization will influence these coefficients while promoting a wider 
applicability of the resulting model. Since incorrect data can introduce 
errors in the model and the subsequent analysis, it is critical to select the 
correct data for model optimization. Then, the model is validated via 
parametric study by varying engine geometric and operational param-
eters, and upon successful validation, the adaptive Wiebe model is used 
to predict the MFB for the literature data selected for model 
optimization. 

1.3.1. Parametric studies 
After computing the Wiebe parameters from the coefficients using 

Eqs. (3)–(6), the parameters of these equations are varied independently 
of each other to determine MFB profiles. Fig. 2 shows the resulting MFB 
profiles that are later compared with the theory presented in Section 1.2 
for validation. 

Fig. 2a shows the effect of changing the initial compression ratio on 
the resulting MFB profiles at constant spark timing. Theoretically, the 
rate of entrainment of the methane-air mixture should grow with 
increasing compression ratio due to the growing turbulence and smaller 
eddies. Furthermore, the in-cylinder temperature before combustion 
rises with compression ratio from the equation of state; thus, in-cylinder 
conditions prior to combustion would promote a burn faster and a 
relatively greater rate of heat release. This, in turn, accelerates the 
overall combustion process by lowering the ignition threshold in sub-
sequent thermodynamic cycles. This phenomenon is accurately reflected 
in Fig. 2a that shows a faster burn rate and shortened combustion 
duration at higher compression ratios. 

Fig. 2b demonstrates a similar outcome with increasing load (pin). 
The faster burn rate and shortened combustion duration is based upon 
the increasing amount of air and fuel mixture inducted with greater 
load. A denser charge is inducted into the cylinder per thermodynamic 

cycle with a larger amount of potential energy to be released. The 
greater rate of heat release from increased charge mass leaves hotter end 
gas temperatures that shorten the combustion duration in subsequent 
cycles until a steady state is achieved. Therefore, the model predictions 
of Fig. 2b correctly align with theory. 

Fig. 2c shows the model response for increasing engine speed. Here, 
since combustion of the inducted charge takes longer on a per crank 
angle basis at higher engine speeds, the maximum burn rate remains 
relatively unaffected. The overall combustion duration and profile ex-
periences minimal change with increasing speed, which is accurately 
predicted by the model. When the equivalence ratio is increased, the 
50% MFB point shifts earlier, signifying a faster burn rate and a shorter 
combustion event as shown in Fig. 2d. This occurs due to the increased 
exothermicity of the ensuing combustion reaction that results in a 
relatively larger rate of heat release and higher adiabatic flame tem-
peratures; thus, promoting a faster burn. However, the model does not 
account for significantly rich mixtures where the MFB should decrease 
due to the excess fuel acting as a heat sink – an anomaly that was 
considered but omitted (at this time) to keep the model relatively sim-
ple. This issue is less likely to pose a problem for real world applications 
since natural gas engines usually operate under lean conditions for 
maximum efficiency [58]. 

Finally, Fig. 2e shows that moving the spark timing closer to top dead 
center (TDC) results in an enhanced burn rate and shorter combustion 
duration. Since the in-cylinder temperature and pressure are greatest 
near TDC, the ignition threshold of the combustible mixture is lowered. 
Igniting the charge under these conditions liberates a relatively large 
amount of chemical energy within a few crank angles. The burn rate 
becomes steep and combustion duration is reduced. However, moving 
the spark timing away from TDC slows down the combustion process 
due to lowered in-cylinder pressures and temperatures prior to ignition – 
consequently, reducing the burn rate while increasing the overall time 
for combustion. Overall, the model follows theory and predicts correct 
trends for varying governing parameters. 

1.3.2. Model validation 
The validation procedure involves predicting MFB profiles for the 

cases shown in Fig. 1. For brevity, only a select few are presented with 
Fig. 3 showing varying levels of confidence in the model predictions for 
the experimental data of Gutierrez [54], Yildiz et al. [42] and Babu et al. 
[53]. The main criteria for accuracy come from observing model 
behavior in three MFB zones, e.g., 0–10%, 10–90%, and 90–100% burn 
regions. Here, representative high, average, and low accuracy results 
according to R2 values are provided to indicate the predictive nature of 
the model. As mentioned prior, the model’s mean R2 value is 0.965. 

It is observed from Fig. 3a that the computed Wiebe parameters 
accurately predict MFB profiles in all three zones resulting in a relatively 
higher R2 value with negligible difference between experimental and 
model-predicted 50% burn points. Of note, Gutierrez [54] used a 
modified compression ignition (CI) engine for their natural gas SI 
combustion experiments. Since the original CI engine had a 41◦ valve 
overlap, the valve camshaft was modified to reduce the overlap and 
minimize its influence on combustion performance. On the other hand, 
Fig. 3b shows that the predicted 50% burn point deviates significantly 
from the experimental datapoint, suggesting a slower burn rate (since it 
deviates to the right). However, both the extent of complete combustion 
and the combustion duration are similar between the experiment and 
model. While this results in a relatively high confidence (R2 > 0.9), it is 
recommended to find and add similar data from other studies to deter-
mine the coefficients (as described in Section 1.3). Finally, Fig. 3c shows 
the least confidence in the model. This is primarily due to two reasons: a) 
Babu et. al, [53] converted a CI engine into an SI engine without altering 
the valve lift timing unlike Gutierrez [54], and b) the relative slowdown 
of the combustion process during the latter crank angles of the expan-
sion stroke; thus, exhibiting a mixing-controlled (diffusion) burn. Since a 
multiple-Wiebe function predicts this type of event relatively better, 

Table 3 
Coefficients to determine the Wiebe parameters for the adaptive Wiebe model.  

Coefficient Value Units 

A − 8.584E + 00 – 
B 4.306E-01 – 
C 2.716E + 00 – 
D 1.006E-02 – 
E 4.348E + 00 – 
F 2.029E + 00 – 
G 6.200E-04 – 
H 5.100E-04 – 
I 1.009E-02 – 
J 2.062E-02 – 
L 1.030E-03 – 
M 4.390E-03 – 
N 1.037E-02 – 
O 1.422E-02 – 
P 2.770E + 01 – 
Q 6.632E-01 –  
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representing it by a single-Wiebe function gives erroneous results. 
Consequently, including such data for coefficient determination affects 
the results and it is advised to treat the model with caution. Ideally, it is 
safer to neglect them during model calibration. 

At this point, while the resulting model for methane-air combustion 
in SI engines reasonably simulates Earth applications, it will fail when 
used for specialized engine applications. This includes operation in alien 

environments like Mars where atmospheric air is not available. In this 
scenario, the possible use of oxygen tanks can ensure combustion power. 
The methane-air model must be modified further to consider the change 
in burn characteristics resulting from oxy-methane combustion. 
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Fig. 2. Parametric study showing the MFB profiles predicted by the adaptive Wiebe model for varying initial conditions.  
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2. Oxy-methane combustion 

Generally, SI models for ICEs calculate flame propagation and 
combustion via the rate of mass entrained (me) along with the rate at 
which it burns (mb) [59–61], respectively: 

dme

dt
= ρu⋅Ae⋅(u′

+ SL) (7)  

dmb

dt
=

me − mb

τb
τb =

λ
SL

(8)  

where Ae is the entrainment area, u’ is the turbulence intensity, SL is the 
laminar flame speed, τb is the characteristic burning time for the un-
burned mixture, and λ is the Taylor microscale. Since SL is the unburned 
gas velocity in a direction normal to the combustion wave surface [62], 
it is an important parameter that is used to accurately predict the fuel 
burning rates and the associated turbulent flame speeds [63]. 

2.1. Laminar flame speeds 

The laminar flame speeds for a specified fuel are usually determined 
via Schlieren photography during experiments at atmospheric condi-
tions or via extensive combustion modeling using detailed reaction ki-
netics. At conditions other than atmospheric, the laminar flame speeds 
are calculated using the following formula: 

SL = S0⋅
(

Tu

Tref

)α

⋅

(
pu

pref

)β

(9) 

that is a function of the unburned temperature and pressure (pu). In 
this expression, S0 is the laminar flame speed at atmospheric conditions 
(Tref and pref); whereas, α and β are the temperature and pressure ex-
ponents, respectively. Here, parameters α and β are determined by 
fitting Eq. to data. For accurate predictions of the laminar flame speed, 
the temperature exponent (α) must remain positive while the pressure 
exponent (β) must stay negative across all equivalence ratios. In this 
regard, Varghese et al. [64] studied the behavior of α and β for methane- 
air flame fronts at equivalence ratios ranging from 0.7 to 1.3 and showed 
that α and β approach their maxima and minima, respectively, at ϕ ≈
1.1. In addition, they also indicated the influence of the operating 
pressure and temperature on α and β, respectively. Based on data from 
literature [64–66], second-order polynomial fits can be generated for 
both α and β as a function of the operational equivalence ratio, 
respectively: 

αCH4 - air = 4.03⋅ϕ2 − 8.28⋅ϕ+ 6.06 (10)  

βCH4 - air = − 1.57⋅ϕ2 + 3.09⋅ϕ − 1.89 (11) 

Pizzuti et al. [66] showed that the laminar flame speeds slow down 
and stabilize beyond an equivalence ratio of 1.3. As a result, the overall 
profile can be reproduced with a fourth-order polynomial equation for 
S0 at equivalence ratios between 0.6 and 1.6: 

S0,CH4 - air

[cm
s

]
= 420.81⋅ϕ4 − 1801.00⋅ϕ3 + 2670.80⋅ϕ2 − 1592.80⋅ϕ+ 338.53

(12) 

It is important to reiterate that this model is prone to error outside 
the equivalence ratio bounds of 0.6 and 1.6. 

Expanding the scope of the current investigation to include oxy- 
methane combustion for engine operation in air-deficient environ-
ments required the prediction of laminar flame speeds. Therefore, 
following a similar approach used for the methane-air framework (Eqs. 
(10)–(12)), a new set of relationships were defined for oxy-methane 
despite the relatively limited amount of data available in the literature 
[67–69]. 

αCH4 - O2 = 1.66⋅ϕ2 − 4.74⋅ϕ+ 7.08 (13)  

βCH4 - O2
= − 0.93⋅ϕ2 + 2.00⋅ϕ − 1.47 (14)  

S0,CH4 - O2

[m
s

]
= 1.08⋅ϕ3 − 6.39⋅ϕ2 + 9.47⋅ϕ − 1.24 (15) 

Theoretically, an abundance of oxygen during combustion raises the 
adiabatic flame temperature that promotes the overall reaction speed 
[63]. The experimental data available from literature [67,69–71] con-
firms this phenomenon and finds that oxy-methane combustion is 
significantly faster (8–22 × ) than methane-air combustion at all 
(considered) equivalence ratios. Due to this growth in combustion 
speed, evaluation of the laminar flame speed along with the turbulent 
flame speed and turbulence intensity becomes paramount for scaling the 
Wiebe parameters. 

2.2. Turbulent flame speeds 

Tabaczynski et al. [59] indicate that under turbulent operating 
conditions, the flame propagates with a velocity equal to: 

ST = u′

+ SL (16) 

which was originally derived by Damköhler [72] to correlate the 
turbulent flame speed (ST), turbulence intensity, and laminar flame 
speed. Both the turbulent flame speed and the turbulence intensity 
depend on a detailed knowledge of the operating conditions, internal 
flow field, equivalence ratios, and fuel characteristics that may be 
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obtained via extensive combustion modeling and experimentation. 
However, researchers have tried to simplify these relationships and 
Ratzke et al. [73] provide a consolidated list of the correlations available 
in literature for methane-air combustion. Most of these correlations 
depend on flow-specific parameters, such as the Reynolds and Lewis 
numbers, that are difficult to quantify. Since Ratzke et al. indicate that a 
pressure-dependency is required for ICE conditions, the correlation by 
Kobayashi [74] was chosen since it is in “quantitative accordance” with 
experimental data and is straightforward to compute: 

ST

SL
= 2.9⋅

(
u′

SL

)0.38

⋅

(
pu

pref

)0.38

(17)  

where pref is 0.1 MPa and u′ is calculated in meters per second. Moreover, 
Ratzke et al. [73] conducted experiments to determine ST/SL ratios at 
varying equivalence ratios that the following curve-fit reproduces with 
an R2 value equal to 0.99: 

ST = SL⋅
(
200.56 − 530.88⋅ϕ + 545.34⋅ϕ2 − 192.73⋅ϕ3) (18)  

2.3. Extension of the Wiebe model 

The ratio of the turbulent flame speed of oxy-methane to methane-air 
combustion is assumed here to provide a reasonable measure of the 
associated increase in turbulence and overall flame speed. To keep the 
process relatively simple it is estimated that the Wiebe parameter most 
influenced by a pure oxygen environment is the combustion duration. 
While all three Wiebe parameters would most likely be affected, there is 
no quantitative data or qualitative models that can be reviewed to build 
a more complex model. Therefore, Δθd is scaled as: 

X =
STO2

STair

⋅Z (19)  

Δθd,new =
Δθd

1 + X
(20)  

where X is the scaling factor and Z is an estimation factor. The estimation 
factor Z is based upon the efforts of Kang et al. [75] who showed an 
approximately 25% reduction in the combustion duration of n-heptane 
fuel with oxygen compared to air in an Homogeneous Charge 
Compression Ignition (HCCI) engine. Since such reduction might be an 
overestimation for methane combustion (due to its sluggish combustion 
characteristics with air), a 10% reduction is estimated as a reasonable 
approximation for the current effort. 

2.4. Results 

The resulting Wiebe model for oxy-methane MFB prediction was 
investigated by comparing the reduced combustion duration (oxygen- 
assisted combustion) versus air from Fig. 3a and is shown in Fig. 4. 
Employing the techniques mentioned in Sections 2.1 through 2.3 finds 
that the transition from air to oxygen as the oxidizer results in an 
approximately 87% reduction in the combustion duration (10%-90% 
MFB) of methane while keeping other operational conditions un-
changed. Of note, Fig. 4 compares the resulting profile with the original 
without adjusting the spark timing to achieve peak in-cylinder pressures 
at prime crank angles. 

While the initial impression of the magnitude of reduction seems 
unrealistic, there are a few studies in the available literature that 
potentially support this outcome. Specifically, Van-Blarigan et al. [76] 
compared the combustion performance of methane in oxygen-enriched 
environments and reported a 46% reduction in combustion duration 
when the oxygen concentration was increased from 21% (air) to 36.7% 
with the rest being EGR. Along with the 25% combustion duration re-
ductions discovered by Kang et al. [75] using n-heptane (a liquid fuel 
often used as a gasoline surrogate [51]) in HCCI operation with oxygen 

help in concluding that the oxy-methane revision to the adaptive Wiebe 
model effectively simulates increased mixture homogeneity, greater 
adiabatic flame temperature, and enhanced laminar and turbulent flame 
speeds. 

3. Discussion 

The adaptive Wiebe model appears to be a reasonable tool for the 
MFB prediction of a given fuel. Initially, basing the model on engine 
geometry and operational conditions ensures that its behavior is based 
on theory. Then, modifying the model for air–fuel combustion operation 
becomes crucial. Since combustion in SI engines occurs in the presence 
of air, a significant amount of air–fuel combustion data can be used to 
find the coefficients. The selection of correct data for the model ensures 
its stability and minimizes the potential for skewed results. 

Furthermore, the proposed model offers an adaptability to oxy-fuel 
combustion by incorporating the ratios of turbulent and laminar flame 
speeds. Here, the selection of correct data is essential for successful 
modification. In addition, stabilization of the laminar flame speeds at 
relatively low or high equivalence ratios governs the polynomial fit. It is 
important to individually evaluate the behavior of the temperature and 
pressure exponents, α and β, respectively, of Eq. and validate with the-
ory. Often, the operational temperature and pressure govern these pa-
rameters, and thus, the overall laminar flame speed during air–fuel 
combustion. Finally, the estimation factor, Z, (in Eq. (19)) has a con-
trolling effect on the combustion duration reduction and its value must 
be selected carefully by reviewing literature, such as that by Kang et al. 
[75]. Since there is little combustion data available that directly com-
pares pure oxygen environments to the use of air as the oxidizer, no 
specific methods for determining Z are available in the literature. Thus, 
this effort provides a first estimate of Z that can be expanded upon by 
others. 

4. Conclusions 

For performance assessment under varying conditions, combustion 
models are preferred over experimental analysis due to time and cost 
constraints. Since the rate of heat release is governed by the fuel mass 
burned as a function of the crank angle (or time) in these models, they 
rely upon popular functions, such as the Wiebe variant, to provide MFB 
values at each time step. Here, an adaptive Wiebe model was generated 
to influence the fuel burn rate by engine geometric and operational 
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conditions. The coefficients used to determine the Wiebe parameters 
were found by fitting the model to data available from the literature 
using a linear regression (least-squares) method. This made the adaptive 
Wiebe model more versatile and setting the upper and lower bounds on 
the Wiebe parameters and ensured that their values remained accurate. 
Of note, it is critical to maintain a high average R2 value to ensure model 
stability and accuracy – therefore, calibration data must be thoroughly 
scrutinized prior to analysis. 

In addition, the adaptive Wiebe model was modified for a specialized 
application of fuel combustion in oxygen instead of air. The laminar and 
turbulent flame speed data were the determining factor in this conver-
sion. This is predominantly due to the comparatively substantial in-
crease in laminar flame speeds in oxy-fuel combustion resulting from 
significantly higher adiabatic flame temperatures. These faster laminar 
flame speeds will result in greater turbulence; thus, faster burn rates and 
shorter combustion durations are expected. This information was 
factored into the adaptive Wiebe model via the ratio of the turbulent 
flame speeds encountered during oxy-fuel and air–fuel combustion. For 
methane combustion, the combustion duration between 10% and 90% 
MFB is observed to shrink by approximately 87% with the switch from 
air-assisted to pure-oxygen combustion modes. The efficacy of the re-
sults suggests that the scaled adaptive Wiebe model would help in 
achieving stable engine operation under specialized applications, such 
as stationary and mobile (transport, aerial, etc.) on Mars. 
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